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Obsession and Confession

Some people think we are fanatics about combinatorial procdf. Ok, we admit it,
we are. When we see an identity with a nite sum and an attractive closed form, we
are not satis ed until we understand what the identity is cou nting. For example,
the identity obtained by summing the nth row of Pascal's triangle,

)@ n = 2n .
k=0
counts the number of subsets of 1;2;:::;ng in two di erent ways. (The left side

counts the number of subsets of each sizk from 0 to n. The right side counts
subsets by deciding, for each element, whether or not it is irthe subset.)
But what if the sum has negative entries? For instance, if yousaw the sum
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n - m .
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k=0 K

or a scarier looking sum (from a recent problem in this journd [5]) like

X]X](l)“knl n 1 j+Kk

i1 ok 1§ &

j=1 k=1
would you be inclined to try to prove these by counting arguments? Probably not.

We confess that there was a time that when we saw alternating wm identities
like the ones above, we would attack it with noncombinatorid proof techniques,
like induction or generating functions. After all, how can an object be added a neg-
ative number of times? Perhaps it can be tackled using the Prciple of Inclusion-
Exclusion (abbreviated P.1.E.), but that brings another le vel of complexity to the
combinatorial proof. But now we have an alternate opinion. Now when we see
an alternating sum, we can usually prove it combinatorially with a method that
is as easy as pie and even easier than P.I.E.! As we'll demomate, this technique
0 ers new insights to identities involving binomial coe ci ents, Fibonacci numbers,
derangements, and other combinatorial structures.

Solution by Involution

We begin with an easy, but important example. Consider the aternating sum
of the nth row of Pascal's triangle,
X
(D=0 (1)
k=0
1
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Combinatorially, this identity says that the number of even-sized subsets of
f1;2;:::;ng minus the number of odd-sized subsets of1;2;:::;ng is zero, that
is, there are as many even subsets as odd subsets. For examplhen n = 4, we
list the even subsets on the left and the odd subsets on the rig.

even odd
: 1
12 2
13 3
14 4
23 123
24 124
34 134
1234 234

Can you nd a rule that matches each subsetX with its corresponding subset
on the other side? Sure. Simplytogglethe number 1: If a 1 is in X, take it out;
if it's not in X, put it in. We call this corresponding subset X 1 (a shorthand
for the symmetric di erence of setsX f 1g). Note that the sizes of X and X 1
dier by 1. In general, since every subseK in f1;2;:::;ng \holds hands" with
a subset of opposite parity, namelyX 1, this shows that there are equal numbers
of subsets of even and odd parity. So the identity holds.

The toggle function f (x) = X 1 is an example of asign-reversing involution.
An involution is a function f with the property that f (f (x)) = x, for all inputs x.
An involution f is sign-reversing whenx and f (x) are always given opposite signs
in the alternating sum. The toggle function is an involution since X 1) 1=X
for all subsets X, and it is sign-reversing sinceX and X 1 have opposite parity.
In contrast, the involution that maps X to its complement in f1;2;:::;ng is not
sign-reversing whenn is even. p

Now for m;n 0, consider thepartial sum km:O E ( 1)%: Here, we are looking
at all subsets off 1;2;:::; ng that have at most m elements. Again we will try to
pair up the even subsets with the odd ones using the functiori (X) = X 1. This
works ne except when f (X) has more than m elements (and thereforef (X) is
unde ned). These exceptions occur wheneveiX has exactly m elements and X
does not contain the element 1. The number of ways this can hgpen is ”ml , and
each of these subsets has the same sign in the summation, namé¢ 1)™, since
each exception hagan elements. It follows that

X n n 1

k — m .
C CDE=C DT T
k=0

as desired.

The D.l.E. method

Combinatorialist extraordinaire Doron Zeilberger sometimes refers to our last
solution as a \killing involution," since every object X is annihilated in the sum-
mation by an object of opposite signf (X), except for the survivors who did not
participate in the involution revolution. Although we pref er the more peaceful
hand-holding interpretation, the acronym for our method is just as violent: D.I.E.,
which stands for Description, Involution, Exception.
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Description:  Describe a set of objects that is being counted by the sum when
we ignore the sign.

Involution:  Find an involution between the objects that are counted posit
tively and the objects that are counted negatively in the sum

Exception: Describe the exceptions, where the involution is unde ned.Count
these exceptions and note their sign.

For example, let's use the D.I.E. method to prove the followhg generalization of

identity (1). ForO m<n,
Xn ok
k—qn-
K m ( »*=0:
k=0

Ignoring the sign factor, we see that for a xed choice ofk between 0 andn,

B n'§ answers the question \From a class oh students, how many ways can you
choose a committeeX of sizek and then choose a committee¥ of sizem that is a
subcommittee of X ?" Since the right side of the identity is zero, the challenge(the
fun part) is to nd a simple way to pair up each ( X;Y ) object with another object
(X%Y9 (where YCis a sizem subset ofX % so that the sizes ofX and X ° are of
opposite parity. Can we toggle the number 1, like before, andair up (X;Y ) with
(X 1;Y)? Not quite. Consider what happens when we try withn = 10; k =5; and
m=3:1f (X;Y)=(f1;2;3;4,;50q;f2; 3;50), then toggling with 1 gives (X 1;Y) =
(f2;3;4;59;f2;3;50). Y is a subset of X 1 and the parity of the rst subset
changed from odd to even. So far so good. ;Y ) = (f6;7;8;9;10g;f6;8;10g),
then toggling with 1 gives (X 1;Y) = (f1;6;7;8;9;10g;f6;8;10g): Again, this
poses no problems|everything works ne, provided 1 is missing from Y. But if
(X;Y) =(f1;3;5;7,90;f1;5;99); then Y is not a subset of X 1 and our hope
for a bijective involution is squashed. In general, when 1 isan element ofY (and
therefore also an element ofX ), Y is never a subset ofX 1. So picking a xed
number like 1 to toggle with X does not create the desired pairing. However, since
m is strictly less than n, there is at least one number missing fromY. This forms
the basis of the following solution.

Description:  For a given value ofk between 0 andn, r'; counts ordered

Bairs (X;Y)suchthatY X f 1;2;:::;ng;jXj=k,andjYj= m. So
E:o B r'; counts all ordered pairs X;Y ) whereY X, the size ofY
is m, and the size ofX ranges from zero ton.

Involution:  Given (X;Y ), let x be the smallest element of 1;2;:::; ng such
that x is notin Y. Then de ne the involution f(X;Y)=(X x;Y). Note
that since x is not in Y, Y remains a subset ofX  x.

Exception: Sincem < n, the element x always exists, so the involution
above is always de ned. Thus there are no exceptions, the irMution is a
bijection, and the right side of the identity is zero.

The D.I.E. method has a venerable history. It was rst used by Fabian Franklin
(in [3]) to provide an elegant proof of Euler's pentagonal nunber theorem. (See
[6] for a nice expostion.) Franklin was one of the rst graduae students trained
in mathematics in the United States. As described in [7], hisproof caught the
attention of leading European mathematicians, and demongiated to them that
mathematicians trained in America were capable of contribding to research-level
mathematics.
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Fibonacci, Binomials, and Polynomials

Fibonacci numbers are ideally suited for combinatorial arggments. De ning
fn =fn 1+ fy 2 with initial conditions, fo = f1 = 1, it is easy to prove (as in
[1], [2]) that f, counts the ways to tile a 1 n strip of length n with squares (of

length 1) and dominoes (of length 2). For examplef,4 =5 counts the tilings given
in Figure 1.

[TTT] [T /s [ ] [ ]

Figure 1. The Fibonacci numberf, =5 counts the 5 tilings of
length 4.

It has long been known that the partial sums of the sequence ofibonacci num-
bers has a beautiful closed form (speci cally E:o fkx = fhez 1). Is the same
true for the alternating sequence of Fibonacci numbers? Abslutely, and D.1.E. will
show us the way. Forn 1; we show that

( Dfc=( 1)"fq 2
k=1

Description:  Sincefy counts tilings of length k, P Ezl fy counts tilings of al
positive lengths up to length n.

Involution:  What is the secondeasiest way to change the parity of the length
of a tiling T, where T has length at mostn? The easiest way would be
to append a square, but that would not be an involution. Instead toggle
the last tile of T: If T ends in a square, turn that square into a domino;
if T ends in a domino, turn that domino into a square. This is cleaty an
involution.

Exception: The only exceptions occur whenT has maximum length n and
ends in a square. In this case, toggling the last tile produce a tiling of
length n+1, which is too long for our consideration. The number of tilings
of length n that end with a square is f,, 1, and all of these tilings are
assigned a sign of (1)" in our summation (since they have length n).
Hence, the right side of the identity is ( 1)"f, 1, as desired.

Delightful identities frequently occur when the involutio n is not a bijection. But
keeping track of the exceptions can be a challenge. To furthdllustrate, we consider
the previous alternating sum with the new twist of multiplyi ng each Fibonacci
number by its index. How can D.I.E. bring

( D*Kfy
k=1
into the light?

Description:  For a given value ofk between 1 andn, kfy counts tilings of
length k where a coin is placed somewherg, on top of the tiling, so therare
k choices for the location of the coin. So _, kfy counts tilings of any
positive length up to length n with a coin on top.
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Involution:  Given atiling T of length at most n, toggle the last tile as before
(replace a nal square with a domino or a nal domino with a square) while
preserving the position of the coin.

Exception: Two types of exceptions occur: eitherT has the maximum pos-
sible length n and ends in a square oiT has lengthk and ends in a domino
with a coin above cellk. (In the latter case, toggling the last tile would
result in the coin being suspended in mid-air.) There arenf, 1 excep-
tions of the rst type (since the coin can go on any of then cells). For

exceptions of the second type we have, for 2 | n, f; 2 tilings of
length j that end with a domino, each with a sign of ( 1). This gives
fo fi+f, +( 1)"f, , exceptions of the second type. By the pre-

vious identity this reduces to 1+ ( 1) 2f, 3: Combining the number of
exceptions of both types gives the identity: Forn 3,

( D¥kfe=( 1)"(nfo 1+ fn g)+1:
k=1
Fibonacci numbers interact with binomial coe cients in man y beautiful ways.
Perhaps the simplest of these comes from the sum of the diagals of Pascal's
Triangle.

n\k| 0 : 1 2 3 4 5
o | 1@ ®
i,
4 1 4.7 6 4 1
5 L — 5 10 10 5 1
6 1 55,»"/15 20 20 15
7 1 7 21 35 40 35

Figure 2. Diagonal sums of Pascal's triangle.

The pattern is unmistakable:

A quick combinatorial proof of this is based on the fact that the number of

length-n tilings using exactly k dominoes is ”kk . To see why, note that such a

tiling contains k dominoes andn 2k squares, and thus use a total oh  k tiles.
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From thesen k tiles, we choosek of them to be dominoes, which can be done
in ”k K ways. (We note that when k exceedsn=2, ”k k' =0, which makes sense
combinatorially, since the number of 'gominoes is at mosin=2.)

Now consider the alternating sum |, o( 1) ”kk :

Figure 3. Diagonal alternating sums of Pascal's Triangle.

Here the data suggests that the righthand side is always 0, 1pr 1. Com-
binatorially, this suggests that the number of length-n tilings containing an even
number of dominoes is about the same as the number containingn odd number of
dominoes. Given a lengthn tiling T, how can we change the parity of the number
of dominoes without changing the length of T? If T begins with a domino, we can
replace the initial domino with two squares. Likewise, if T begins with two squares,
we can replace them with a domino, as illustrated in Figure 4.

Figure 4. We can toggle an initial domino with an initial pair of squares.

But what if T begins with sd, a square followed by a domino? Then we ignore
these two tiles and look at what happens next. That is, if the tiling begins sdd, we
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replace that string with sdss, and vice versa. Now we are covered unless the tiling
beginssdsd (abbreviated (sd)?), in which case we look at what happens after that.
Continuing in this way, we arrive at the identity: For n 0,

8
n ok < 0 ifn 2o0or5 (mod®6)

X
( 1)K « . 1 ifn Oorl (mod6)
k 0 ' 1 ifn 3or4 (mod 6).

n

Description:  For a given value ofk, ", k Pcounts square-domino tilings of

length n with exactly k dominoes. So , ”kk counts all tilings of
length n.
Involution: Let T be a tiling of length n. If T begins with exactly j 0

square-domino pairs, then we writeT = (sd)! U, where U is a tiling of
length n  3j that does not begin with sd. If U begins with a domino,
then replace that domino with two squares; if U begins with two squares,
then replace these two squares with a domino. This involutio changes the
number of dominoes by 1.

Exception: There is at most one exception, which occurs whetJ is empty
or contains a single square, depending on the value af (mod 3). Here
T = (sd)=3¢ or T = (sd)®3¢s. Notice that if n 2 (mod 3) (that
is, n 2or5 (mod 6)), then no exceptions are possible. Ih 0Oorl
(mod 6), say n = 6t or 6t + 1, then the sole exception, either T = ( sd)?
or (sd)?'s; contains 2 dominoes. This exceptional tiling contains an even
number of dominoes and as such contributes +1 to the alternaing sum. If
n 3or4 (mod 6), sayn =6t +3 or 6t +4, then the sole exception, T =
(sd)?'*1 or (sd)?'*! s, contains 2t +1 dominoes. Here the exceptional tiling
contains an odd number of dominoes and contributes 1 to the alternating
sum.

Now consider the similar-looking polynomial identity

X k Nk k n o2k X n v
CD° 0 )ix+y) = x'lyh 2)
k 0 i o

presented in [9] by algebraic arguments. Since both sides ¢2) are polynomials,
verifying the equality for all nonnegative integer values d x and y is su cient to
prove the identity. We will modify the previous D.I.LE. argum ent|giving combina-
torial meaning to the indeterminants x andy.

Description:  Given nonnegative integersx;y; and k, " kk (xy)K(x + y)m 2K
counts square-domino tilings of lengthn with k dominoes (andn 2k
squares) in which each tile is painted with one ofx light colors or one ofy
dark colors as follows: Squares can be painted with any of the + y colors.
The left half of a domino is painted one ofx light colors and the right half
is pafg\ted one ofy dark colors, so a domino can be paintecky ways. The
sum o " (xy)<(x+y)" 2 counts all square-domino tilings of length
n subject to the tile painting restrictions using x light and y dark colors.

Involution:  Scan the tiling from left to right until you encounter a domin o
or a light square followed immediately by a dark square. If a @mino occurs
rst, transform it to a light square-dark square combinatio n by chopping
the domino down the middle; if a light-dark pair of squares afpears rst,
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transform them to a domino by gluing them together. This process is clearly
reversible and changes the parity of the number of dominoesithe tiling.
Exception: The exceptions are those tilings with no dominoes and condiisig
of | F;Jlark squares followed byn | light squares, for somej 0. There
are . ,x" Iy such tilings, all of which are counted positively since they

J .
contain zero dominoes.

P.I.LE. can D.l.E.!

Alternating sums arise in combinatorial problems solved usg the Principle of
Inclusion-Exclusion (P.1.E.) as described in every combimtorics textbook. For in-
stance, the number of onto functions from anm-element set to ann-element set is
given by

f(mn) = n™ n(n 1"+ 2 (n 2)" 2 (n 3"+
X n
= (D (R
k=0
where the rst term in the sum counts all functions from f1;2;:::;mgtof1;2;:::;ng

with no restrictions. From this, we subtract those functions that do not hit element
1 (there are (h 1)™ of these), as well as those functions that miss 2, those that
miss 3, up to those that missn. But we need to add back those functions that miss
1 and 2 (there are (@ 2)™ of these), and so on.

But this can also be proved using D.I.E. just as easily.

Description:  Given k;m;n 0, E (n k)™ counts the ways to select a
k-element subsetX f 1;2;:::;ng and then create anm-letter word Y
from the elements off1;2;:::;ng X. For example, if n = 9; m = 6,
and kP: 2, a typical object is (X;Y ) = (f2;8g;314159) The unsigned
sum, E:o E (n  k)™; counts all pairs (X;Y ) where X is any subset
of f1;2;:::;ng and Y is an m-letter word created from elements in the
complement of X .

Involution:  Given (X;Y ) let x be the smallest number inf1;2;:::;ng that
does not appear inY. Match (X;Y)to (X Xx;Y). Y is also anm-letter
word made from the elements off 1;2;:::;ng (X x) and x is still the
smallest element off 1;2; :::; ng missing from Y. Furthermore, the size of
X x diers from and the size of X by 1. (Our example (f 2; 8g; 314159)
hasx =2 and k = 2, and it will be matched to ( f8g; 314159), which has
x=2and k=1))

Exception: The involution fails when no elements off 1; 2;:: :; ng are missing
from Y. This requires X to be the empty set andY to contain every letter
from f1;2;:::;ng. There aref (m;n) such exceptions, and sincek = 0 for
these, each of them is counted positively.

Another classical application of P.1.E. is counting the derangementff 1; 2; :::; ng,
the number of ways to arrange the integers 1 throughn so that no integer lies in its
natural position, that is, 1 is not rst, 2 is not second, and so on. We let D, denote
the number of derangements of 1;2;:::;ng. As is well known to all P.l.E.-lovers,

X
Dh= ( D)X
=0

n .
. k!
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Here we present a simple proof using D.I.E.

Description:  Given nonnegative integersk n, E—: counts (n  k)-letter

words created from elements of 1; 2; : : :; ngwhere no letter is repeated. For
n =9, a typical word might be X 15497 (when k = 6) or X = 314592687
(when k = 0). The unsigned sum E:o E—: counts all words created from
f1;2;:::; ng without repetition (including the empty word).

Involution:  Given a word X of length n  k, we pair it with a new word X°
as follows. Let (X) be the smallest number that is either absent fromX
or in its natural position. If (X) is absent from X, then insert (X) in
its natural position. If (X) is in its natural position, then remove it from
X. The lengths of X and X°dier by one and (X)= (X9 since neither
action can result in a number smaller than (X) moving into its natural
position. For example, (497) =1; so 497 is paired with 1497; (3145) = 2;
S0 3145 is paired with 32145; and (314592687) = 8, so 314592687 is paired
with 31459267

Exception: The only exceptions occur for those wordsX where (X) does
not exist. These words have no missing numbers (sd has lengthn) and no
number is in its natural position. Hence there areD, exceptions and since
each has lengthn (so k = 0) they are counted positively in the summation.

Indeed, the Principle of Inclusion-Exclusion itself can beproved using D.I.E.

some of the objects inS possess, P.ILE. says that the number of objects itfs with
no undesirable properties is

X -
( DM

Tf 1;2;:5n g

where f (T) is the number of objects that have all of the properties P; where j
is in T, and possibly other properties as well. For example, in the drangements
problem, S is the set of all permutations of f1;2;:::;ng and a permutation has
property P; if the number j is in its natural position. Here f (f2;3;5;8g) =(n 4)!
counts those permutations where the numbers 23;5; and 8 (and possibly others
too) are in their natural positions.

We now prove P.I.E. by D.I.E.

Description:  Given a subsetT of f1;2;:::;ng, f (T) counts the objects ofS
that satisfy all the properties P; forj in T ,{;;\nd possibly other properties
ordered pairs (X; Y ) where X isasubset off1;2;:::;ngand Y is any object
satisfying all of the properties P; forj in X.

Involution:  Given (X;Y ), let x be the smallest-indexed property that Y
possesses. Then we associat¥;(Y ) with (X  x;Y).

Exception: The exceptions occur whenevex does not exist, that is, when
Y has none of then properties P; through P,. These exceptions come
from ordered pairs (X;Y ) where X is the empty set. Since the empty set
has even size, the summation positively counts the objectsni S with no
undesirable properties.
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What happens after you D.l.E.?

Applying the D.I.E method to prove an identity often leads to generalizations
that are not immediately obvious. It's important to keep an open mind|not only
about the role of particular parameters, but in using the method itself. We show
how to prove and then extend in a natural way the identity

XX

. i+
(et L onLiek

j=1 k=1 o1k J

mentioned at the beginning of the paper. This will require a nodi cation of our

technique, where we analyze repeated involutions (the methd of D.I.LE.l.LE.?) to
obtain the extremely attractive solution.

Description:  Given positive integers j; k n, i E i I*K" counts or-
dered triples (X; Y;Z) where X is aj-subset off 1; 2;: : :; ng that must con-
tain 1, Y is ak-subset offn+1;:::;2ngthat mustlgontafy n+l,and Z isa
subset ofX [ Y with jZj = jX|. Theunsignedsum [, = ¢, [ ¢ ¢ 1 /i"
counts all such ordered triples ;Y;Z) as the sizes ofX and Y vary be-
tween 1 andn.

Involution (Part I): Given atriple (X;Y;Z), de ne y to be the largest num-
ber betweenn + 2 and 2n such that y does not appear inZ. The mapping
that sends (X;Y;Z) to (X;Y vy;Z) is a sign-reversing involution, since
j is unchanged andk increases or decreases by 1. Note that remains a
subset of X [ (Y ).

Exception (Part I): The involution fails when y does not exist. This re-
quires Z to contain all the elementsn+2;:::;2n. Therefore the exceptions
(X;Y;Z) must satisfy Y = fn+1;n+2;:::;2ng.

Involution (Part 11): Given a triple (X;Y;Z) that has survived as an ex-
ception in Part I, de ne x to be the largest number between 2 anch such
that x either appears in both X and Z or is absent from both X and Z,
thatis, x 2 (X \ Z)[ (X°\ Z°). Pair (X;Y;Z)with (X x;Y;Z x). Since
Z XJ[Y,itremainstruethat Z x (X Xx)[ Y andjZz xj=jX xj.

Exception (Part Il): If jXj < n, then the involution above is always de ned
since there is one elementx, 2 X n, that is missing from X and
is therefore missing fromZ too. Hence the only exceptions occur when
jXj = n, forcing X = f1;2;:::;ng and jZj = jXj = n. Thus the only
remaining exceptions are of the form K;Y;Z)=(f1;2;:::;ng;fn+1;n+

n
i

other element. That element could be either 1 om+1, and these provide the
only two exceptions. Both survivors are weighted positivel sincej + k =2n
and so is even.

In the preceding analysis, elements 1 anch + 1 represented the guaranteed
members of X and Y respectively. There is no reason to believe we are restriote
to specifying only one member of each set. Why not two? three2Vhy not specify
a members of X and b members ofY? Originally, X and Y were selected from
disjoint sets of sizen. Did they have to be the same size? Why not choos&
from an n-set and Y from an m-set? With very little additional e ort, you can
modify the above description, involutions, and exceptionsto obtain the following



AN ALTERNATE APPROACH TO ALTERNATING SUMS: A METHOD TO DIE FO R 11

generalization:

)@Xn(l)j,rknambj+k: a+b:
o i a k b ] n m+b
j=ak=b
Although this identity (and indeed, all of the indentities i n this paper) can be
proved by algebraic or computational methods (as describedn [4] or [8]), we nd

the D.I.E. approach o ers the most satisfying explanation.

Summing Up: Why Alternating Sums are Simpler than Positive Sum S

Although alternating sums may on the surface appear to be hader to explain
combinatorially than positive sums, our experience has beethe opposite. Given a
positive sum with a simple closed form, we have found that thealternating version
gf that sum usually has a simple (and often simpler) closed fon too. For example,
= k -0 g =2" is simple, but the alternating version has the simpler closd form
= k - ( 1)k " =0: The nonexistence of a simple closed form for the partial sum

E‘ o r (as a function of m) can be established by Gosper's algorithm [8], yet the
alternating version of that sum is no trouble at all.

Why should alternating sums be simpler than positive sums? Athough we don't
have a rigorous answer to that question, the idea shows up inther areas of mathe-
matics. From the analysis of in nite series, we know that if a positive sum converges,
then its alternating sum must also converge but the converseés not true. From lin-
ear algebra, we know that the permanent of ann n matrix is usually hard to
calculate (requiring about n! steps), whereas its alternating sum, the determinant
can be computed e ciently (in about n® steps) and it has many nice theoretical
properties.

Another explanation why alternating sums are often simpleris due to an identity
due to Euler. For any polynomial p(x) of degree less tham,

"p(x)=0
where f(x)= f(x+1) f(x). (Euler'stheorem can be proved easily by induction
since "f(x)= " ( f(x))and f(x)is apolynomial of degree less tham 1.)

Some of the sums in this paper can be proved using this method.
But from the standpoint of combinatorics, we think that the r eason alternating
sums are easier than non-alternating sums boils down to this

Matching is easier than counting.
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